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abstract » can handle non-integer valued curves or just integer
valued curves as input

can handle open as well as closed curves
» can handle space curves or just planar curves as

An efficient, accurate, and simple method for doing
suboptimal piecewise linear approximation of open or
closed space curvesis described. The algorithm guaran-

tees approximation within a deviation threshold and is input
offered as an efficient aternative to the popular, but To some extent the diversity of methods arises out of
inefficient, split and merge approach. The several effi-  a multiplicity of needs of those seeking to design and

cient alternatives this author encountered are defined  employ such algorithms:
only for planar curves. The approach we offer is aso .
appropriate for space curves. In our approach, a mono-
tonically increasing function of chord and arc length is N .
used to form the initial set of approximating points fol- * optimality in error perfgrmance where there is no
lowed by a merging of those points. A posterior least need for on-line, real-time performance

squares fitting technique is presented which further ¢ datareduction on integer valued planar curves, often

speed and determinism for use in real-time pattern
recognition systems

improves the approximation. Preliminary Gaussian defined as chain codes, gotten from thinned edge
smoothing can be done depending on the application. images which were, in turn, gotten from intensity
Analysis of this new approach on a variety of planar images

curves is presented and comparisons are made with  « simplicity for ease of programming and debugging
other piecewise linear curve approximation a gorithms. .

human-like, symmetry preserving results

» manufacturing applications requiring curve approxi-
mation for machine tool or measurement probe tip

1 introduction paths in 3-dimensional space

» combinations of the above

Planar curve approximation methods have received

much attention in the computer vision literature for a
long period of time. Such approximations are useful for
avariety of reasons:

The method described in this paper is defined for
curves in spaceR®) and it is simple, fast, deterministic,
and guarantees accuracy. We have in mind its use par-
ticularly for manufacturing applications such as those
« shape analysis algorithms, e.g., 2D template match-found in defining paths ifR® of machine tool cutting

ing [Jain 96], rarely require a complete set of data bits and coordinate measuring machine probe tips.

[Sato 93]

* significant data reduction can be achieved, particu-

larly for large input curves, depending on the accu-
racy of the approximation 2 related research

* many real-time applications, e.g., display graphics,  payiigis [Pavlidis 77] and Dunham [Dunham 89]

can realize significant speedups through curve data gfter optimal approaches. An optimal piecewise linear
reduction via curve approximation curve approximation typically means that, if we desire

Piecewise lineaplanar curve approximation has beent0 approximate wittm points a curve which hasSm
the focus of particular attention and is attractive largelyoints, the particulam points selected will give the
because of the inherent simplicity of an iconic represen@pproximation which minimizes the maximum devia-
tation. For example, there is an ease and simplicit§ion of the curve points from the approximating line seg-
when doing correlations with model templates. Morements. As one would expect, the computational cost of
abstract curve representations (such as B-splines) make optimal methods rises sharply with the number of
be harder to compare with models. The piecewise linedpput points [Dunham 89].

algorithms can be classified into the following types: Human-like, symmetry-preserving approaches are

» optimal and suboptimal found in several papers. Fischler and Bolles
« global and local (as to how the algorithm processes [Fischler 86] have developed a suboptimal approach
the data) that succeeds in copying human perceptual partitioning

of planar curves: high level perception activity is
accomplished, e.g., noisy segments are distinguished
from non-noisy segments. However, the algorithm is

» efficient, i.e.,O(n), and inefficient, i.e.O(nZ), forn
sampled data points in the input curve
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inefficient and the input parameters are difficult to tune.
Aoyama and Kawagoe [Aoyama89] also focus their
efforts on avoiding distortion and providing human-like
performance more than assuring simplicity and effi-
ciency, since the complexity of their algorithm is O(n?).
They also limit themselves to digital planar curves.
They classify linear approximation algorithms based on
whether the data is accessed serialy or globally. How-
ever, for many computing tasks, simplicity and effi-
ciency are of the highest priority. Real-time object
recognition systems for manufacturing are less con-
cerned with human-like approximations and more with
simplicity and efficiency. The algorithm we have devel-
oped is clearly biased towards these types of concerns,
however, our approach creates a remarkably small
amount of global distortion as will be shown in the fig-
ures.

in which deviation in approximation must be tightly
controlled. However, it is conceivable that a minor
modification to this approach would correct the prob-
lem.

Of approaches that are suboptimal, the split and
merge method has arisen as perhaps the most popular
[Chen 79, Duda 73, Jain 89, Grimson 90]. Its popular-
ity is due to its
» simplicity, since it is controlled by a single, physi-

cally meaningful parameter, and it is easy to state

and code

» guaranteed error performance, since it directly mea-
sures error

» ability to preserve visual features

» successful use as a preliminary step in optimal
approaches [Pavlidis 77]

Sklansky's planar curve approximation method,
[Sklansky 80] is shown by Dunham [Dunham 89] to be_
efficient and to find curve approximating points that are
very close in number to those found by optimal algo-
rithms. However, Sklansky’s approach is defined for
digitized, planar curves only. .

Teh and Chin [Teh 89] have also defined an algorithm
for finding dominant points on digital curves that has a
reasonably good error performance. However, their

method suffers from the following weaknesses: .
e Itis complex to describe and the concept of ‘region
of support’ seems non-intuitive .

* No parameters are supplied to control tightness of fit
e The algorithm can be performed in parallel, but is

ability to handle closed as well as open curves
ability to handle analog space curves as well as digi-
tal planar curves

However, there are several known weaknesses:

it is suboptimal

it is inefficient, i.e.O(n?), for n sampled data points

in the input curve, because it analyzes the data recur-
sively

there is also a problem with its sensitivity to the
choice of initial breakpoint [So 93]

the compute time varies depending on the degree of
approximation required (i.e., ‘tightness’ of fit) which
could be a problem for some real-time applications

(see Figure 5)

e several attempts to improve the efficiency of the split
and merge approach come with an increase in com-
plexity [Nevatia 80, So 93]

relatively slow if done serially
« It assumes closed, digital planar curves only.

Robergé [Robergé 85] defined an efficient algorithm
for planar curves. This approach has a consistently ) _ ) )
shorter execution time compared to several other effi- The split and merge is also an off-line algorithm
cient algorithms [Dunham 86]. It is also not sensitive to(non-real-time) in the sense that it requires that all the

weaknesses: able for many real-time applications. For example, in

« The true upper bound guaranteed by the algorithm, the collection of position data from a machine tool, one

J5d, is noticably looser than our approach for the would like to eliminate redundant data as it is being col-

X . - lected. However, one algorithm often used that pro-
sample curves we investigated as shown in Figure 6 : : . . .
cesses the data serially is the cone intersection algorithm

* For some curves (see Figure 6) Roberge’s algorithmyjjjiams 77]. However, the amount of global distor-
distorts the graphic significantly tion in the Wiliams method may be unacceptable
« An additional parameter is required for input other [Aoyama 89].

than deviation Many algorithms assume digital curves (often

William’s method [Williams 77] is not reliable since defined by Freeman chain codes [Teh 89]), implicitly
it cannot guarantee an upper bound on the approximarguing that it is so common in image processing that
tion error (see Figure 6). This fact is enough to disqualallowing for the more general case is unnecessary.
ify this approach for many manufacturing applications,Algorithms that only deal with digital curves, e.g.,
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[Aoyama9l] and [Teh 89], are limiting because one
may want to perform Gaussian smoothing first. Errors
in a digital curve such as quantization error, missed
points, or redundant points argue for a method that can
allow curves with such anomalies.

One might ask why not just check the error from the
chord lines directly and serially until that error is
exceeded? Thisisanon-recursive serial algorithm and,
therefore, the compute cost is proportional to the square
of the number of data points. This is because errors
must be formed again and again for the same points for
each approximating line segment. Also, because it pro-

cesses the data locally, it hasn’t the global feature pre-

serving qualities of the split and merge algorithm.

3 thechord and arc length
algorithm

putation, but still do not lead to inefficient computa-
tional costs.

Gaussian smoothing is sometimes useful because, for
example, in image processing, an edge thinning algo-
rithm may produce thinned edge pixels having redun-
dant neighbous, for example, one four-neighbor and one
eight-neighbor. Local smoothing can ameliorate local
noise such as quantization noise. Gaussian windows of
size five were used in our simulations.

Posterior least squares fitting just provides a tighter
approximation, however, digital points would then be
replaced by real valued points. It also ameliorates the
inscribing problem found in the split and merge method
(inscribing is also true with CAL less the posterior least
squares method). It provides a better fit to smoothly
curving data (e.g., circles) because it computes least
squares lines and uses them to compute the approximat-
ing points.

The only additional complexities over the split and

We now describe the chord and arc length (CAL)Merge method are the addition of the least squares line
method for piecewise linear space curve approximatiogomputation and Gaussian smoothing, both of which are
below. Steps one and three describe CAL. Step two f@ptional.

an optional preliminary Gaussian smoothing step; step
four is an optional posterior merging step; steps fiv

squares fitting step.

1.
2.

determine whether the curve is open or closed

do local Gaussian smoothing on the raw input curve,
as needed, to reduce local error (e.g., quantization
error)

starting anywhere on the closed curve (at the first
point on the open curve), compute chord lenGth,
and arc lengths, for each successive point and when
(1/2) [F—C? is greater than the maximum devia-
tion parameter, declare the previous point to be a
dominant point .

merge dominant points by testing if each dominant
point can be eliminated without exceeding the .
threshold on deviation

compute a (parameterized) least squares line to thee
points on the curve between and including the most
recent two dominant points computed .

find the point on the previous and current least
squares fit lines that are closest to the previous doms
inant point

choose the midpoint between these two closest
points as the latest approximating point

For many applications, steps one, three, and four wil
be all that is needed. Both Gaussian smoothing and
least squares fitting require significant additional com-

®3.1 advantagesand disadvantages of curve
Sé\pproximation using chord and arc length

This algorithm we’'ve described has the following
advantages:

simplicity, since it is easy to state and code, and it is
controlled by a single physically meaningful param-
eter, the maximum deviation parameter.

efficiency, i.e.O(n), for n sampled data points in the
input curve.

guaranteed error performance, proven in the appen-
dix

error performance is good compared to the popular
but inefficient split and merge method

excellent ability to preserve visual features when
compared to some other efficient algorithms

it is relatively insensitive to the initial choice of start-
ing points

performance times are constant with respect to the
deviation threshold

ability to handle closed as well as open curves

ability to handle non-integer valued points in space
(R®) as well as integer valued planar curves

such a set of neighborsis not necessarily redundant (e.g., at
acorner).
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None of the efficient methods we encountered are
defined to handle space curves. The popular split and
merge method can handle space curves but it is ineffi-
cient, which means that, for very large input curves,
compute time can be forbidding. The simple statement
of this new method requires only one seria pass through
the data and the compute timeisonly linearly dependent
on the number of data points. This fact is of interest to
certain real-time applications in which the dominant
points need to be selected on-ling, i.e., before all the
data has been collected. In addition, the computetimeis
essentially constant with respect to the required degree
of approximation. The latter advantage is again impor-
tant to certain real-time systems. Deterministic perfor-
mance is accomplished, since execution time is nearly
constant with respect to the tightness of fit. Efficiency
is gained by indirectly measuring approximation error
through the monotonic function of chord and arc length,

(1/2) [F-C2.

The disadvantages of CAL are:

 itis sensitive to quantization error, however, if such

error is present in a curve, preliminary Gaussian

smoothing and/or posterior merging will ameliorate

this problem
* Adding the posterior merging step to ameliorate

guantization error adds significantly to the total exe-
cution time of the algorithm and in some pathologi-
cal cases would cause the algorithm to be inefficient.

 the split and merge method produces less perceiv- of dominant pointsa(i;) .j=1,2..
able deformity of the original curve than CAL (how- that, fori, <i <i

ever, CAL produces less deformity than Williams
(see Figure 6))

» it requires a costly square root calculation at each
step (this could be approximated)

« none of the curve approximation methods studied
(including CAL) minimizetotal deviation error, but
only minimizemaximum deviation error. Some-

cant appreciable gain. CAL (particularly with open
curves but also with closed curves) almost completely
avoids the problem on the choice of initial breakpoint
from which the split and merge suffers [So 93]. How-
ever, because CAL measures error indirectly, the maxi-
mum error will deviate from the threshold value more in
CAL than in split and merge depending on the particular
shape of the curve. Moreover, the amount of this devia-
tion in CAL is based on the ‘sharp corners’ in the curve,
i.e., a smoothly varying curve will have greater devia-
tion. CAL more naturally accommodates closed and
open curves whereas many approaches seem more natu-
rally suited to one or the other (e.g., split and merge is
more suited to open and Teh-Chin to closed).

In the appendix we prove the claim that the CAL
algorithm guarantees that the original curve points will
never be farther than a user defined threshold away from
the line segment used to approximate the curve segment
containing that original point. The CAL algorithm can
be considered an efficient, albeit indirect, form of the
split part of the split and merge approach.

3.2 analysis

We now describe the chord and arc length algorithm
more precisely. Leta(i) ,i=1,2..,n , be a
sequence of points defining a curveRRA. An example
of such a curve is illustrated in Figure 1. If
a(l)=a(n), the curve is closed. We seek a sequence

.,m<n , such
j+1
max{di st (a(i), i neseg(a(i). a(ij,1)))} (EQ1)
<d
for a given maximum deviation value,d.

l'i neseg(a(i;), a(ij,4)) is the set of points along the
chord froma(i;) toa(i;,,) . The distance function,
di st computes the shortest distance from a point on

times the maximum error can be small but the total the curve |rR to pOII’ltS on the chord. These definitions

error large, which can produce global distortion

are illustrated in Figure 1.

CAL establishes an indirect measure of error by cre- m———
ating a natural upper bound on the deviation error of the "/7“'\ \\\
approximation. This simple step brings efficiency with- emax(h, i) = \\
out significant loss in error performance. Using lan-  max{di st (a(|) li neseg(a(i), a\(\j +1))) ij <i </|j o}
guage in [Aoyama9l], CAL accesses the data TN i neseg(a( ) G(IJ+1)) Ve

sequentially, the split and merge algorithm accesses the
data globally. Global access (for the split and merge
method) means that all the data in the curve is examined
However, while

by the algorithm during each pass.

U
a(|1)\/ ...... \dl st (a(iy), a(n,\l)) ----f?(l 1)

other algorithms seem to gain from global data acceskigure 1: The max distance from points on an aRin
(e.g., [Aoyama 91]), the split and merge algorithm suf- to the line segment joining the endpoints of the arc.
fers from a significant loss of efficiency without signifi-
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With a(i;) asthe most recently determined dominant
point, tofind a(i; . ;) , the next dominant point, we form
expressions for chord length, c(i;,i), and arc length,
s(ij, i) , between the points, a(i;) and a(i), for i; <i,

c(ipi) = o) —a()| (EQ2)
and
s(i;, i) = g||0((k+1)—0((k)|| (EQ3)
repamvdy,mnn;;:sxnei>h
daPD:%JQEIBi§E;B>d (EQ4)

Then we choose o (i —1) (the previous point) as the
new dominant point and we assign the indice,
ij+1= 1—1. Therefore, since (EQ 4) is monotonically
increasing,

(EQY)
If the curve is closed, all operations are mod n; if

open, choose a (1) and a(n) asthefirst and last domi-
nant points.

d(i, i) <d

S(ijq ij+1)
2

———
~~o
~d

i ie0)

\ emax(ijv ij+1)
N N

~ "\
~< Y \ e
~ \\ , ", ",
\\\\*L/ \\ / ,T(
Y Y \ /.-

a(i;) N [ (T [ N— N
RN i) gy
)
Figure 2: Theisoscelestriangle formed from the length
of thearcin Figure 1.

We must show that (EQ 1) is true if (EQ 4) is met
throughout the sequence of points a(i). This can most
easily be demonstrated by examination of Figure 2.
Intuitively we can think of the function d(ij, i; 1) by
imagining that, if the curve were a flexible, but not
stretchable, string attached at the dominant points, o (i)
and a(ij,,) and we pushed the string upwards with a
stick, we can form an isosceles triangle as in Figure 2.
We can prove that, for any curvein R®,

ey 1) < d(ij i1 < d

(EQ6)

where €, (i}, i; . 1) isthelargest deviation from points
on the curve from a(i;) to a(i;,,) to points on the
chord from a(i;) to af(ij,,) asillustrated in Figure 1
and Figure 2. We prove (EQ 6) in the appendix.

A lemma and a theorem (stated and proved in the
appendix) reveal that if we are given a threshold value,
d, the basic chord and arc length algorithm we have
described will guarantee that the deviation of each point
on the curve from its appropriate approximating line
segment (i.e., the chord line segment) will be less than
or equal to d. This provides a physicaly meaningful
upper bound on the approximation while maintaining
efficiency.

The merge process operates as in the split and merge
method, namely, if

max{di st (a(i),!i neseg(a(ij_l),a(iHl)))}
<d

foralisuchthat i;_; <i<ij,q, a(i) iseliminated as
adominant point.

(EQ7)

Gaussian smoothing is not a necessary part of this
approach, but can be useful with digital curves when we
wish to eliminate quantization noise. Let, a(i), be the
unsmoothed segquence of points in R3. For w odd, the
Gaussian smoothing vector of length wis

% w—1r "'!g—l' gO’ gl’ ""gw—lg! (EQ 8)
2 2
be integrations of appropriately chosen, normalized one-
dimensional Gaussian functions’. Then the smoothed
sequence of curve pointsin R3is
i+ Vb
Bi)= Y

_. ow-1
JEl=-—

2

We now describe a least squares fitting technique to
further reduce approximation error and to help amelio-
rate the inscribing error problem found in all referenced
approaches. Like Gaussian smoothing, least squares fit-
ting is not a necessary part of this approach, but may be
useful if computing time is available and non-integer
valued points are acceptable. Each subset of points,

(@(ip), iy + 1), o, @iy = 1), 1)

onthe original raw input curve between dominant points
is used to fit a parameterized line, I,(t). We find

a(i)g(i—i) . (EQ9)

1. We used Gaussian windows of size three, five, and seven:
(0.1586, 0.6827, 0.1586), (0.0228, 0.22978, 0.4950,
0.2297, 0.0228), (0.0062, 0.0606, 0.2417, 0.3829, 0.2417,
0.0606, 0.0062)
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points, p, and p,, which are the points on the previous
least squares line, 1,(t) , and on the current least squares
ling, 1,(t), that are the shortest distance from a(i;) to
each of thelines. The latest approximatingpoint isthen
chosen as the midpoint between p; and p, .

3.3 algorithm performance

In this section we present some of the results of test-
ing the CAL approach to curve approximation on a vari-
ety of types and sizes of curves and also testing its
performance against some of the other curve approxi-
mation methods discussed in this paper.

3.3.1 Curve approximation algorithm

performance metrics

There are severa metrics that we have established for
measuring performance:

1. How does the actual maximum deviation (of the
origina curve points from the approximating line
segments) compare to the input deviation thresh-
old? The closer the former is to the latter, the better
the algorithm. It is generally not good if the former
can exceed the latter.

2. For agiven actual maximum deviation, how many
approximating points where required? Fewer
approximating points for agiven deviation is better.

3. With all else being equal, what is the speed of execu-
tion?

4. What isthe variability in the speed of execution with
respect to the number of approximating points (con-
trolled by the input deviation parameter)?

5. What isthevariability in the speed of execution with
respect to the size of the input curve?

We will now anayze the performance of the chord
and arc length method (CAL) under these various met-
rics.

Performance of CAL under metric #1: actual
deviation vs. input deviation

332

It is essentia to examine the error between the
approximating line segments and the smoothed curve
points as a function of the number of approximating
points for avariety of types of curves. We find that the
chord and arc length algorithm performs better than
both the split and merge and the Teh-Chin algorithm in

2. Parameterized fitting easily allowsfitting to arbitrary
curves and minimizes perpendicular distance

1. Some minor changesto this general process are required at
the beginning and end of each curve and for open versus
closed curves.

the two example curves we used. We expect that the

split and merge method would do slightly better when

the starting point of a closed curve is chosen carefully
[S093]. However, this comes at a significant cost in
additional complexity. We demonstrate the errors of
severa agorithms in Figure 4 for the digita closed
curve of a chromosome in Figure 3. Particularly sur-
prising is the performance of CAL with respect to the

split and merge method as shown in Figure 8 for the dig-

ital closed curve of aleaf in Figure 6. Figure 6 shows

the excellent performance of CAL by this metric against

two other efficient algorithms, namely, Williams
[Williams 77] and Robergé [Robergé 85].  Williams
performance is particularly poor on this curve because it
reveals that errors of approximation greater than thresh-
old can occur. The performance of the Robergé algo-
rithm shows that the actual maximum deviation (of the
original curve points from the approximating line seg-
ments) is too much less than the guaranteed threshold
value. We have also analyzed standard deviation errors
and total deviation errors and have obtained results sim-
ilar to that reported on maximum error in Figure 4 and
Figure 8.

3.3.3 Performance of CAL under metric #2:
number of approximating points for a given

input deviation

In Figure 6 we see that for a given input deviation
value, the number of approximating points varies rather
widely over the three candidate algorithms. The Rob-
ergé algorithm gives a poor performance. Williams per-
form very well against CAL, mostly because of CAL'’s
sensitivity to quantization error. CAL does better by
this metric when posterior merging is performed as can
be seen in Figure 6.

3.3.4 Performance of CAL under metric #3:

execution speed

Robergé is fastest as is reported by Dunham
[Dunham 89] and which we also discovered as illus-
trated in Figure 6 (the unit of time in Figure 6 is rela-
tive).  CAL is significantly slowed when posterior
merging is done as shown in Figure 6.

3.3.5 Performance of CAL under metric #4:
execution speed variability with respect to

the number of approximating points

CAL performs particularly well against the split and
merge algorithm as shown in Figure 5, which means that
the timing curve for CAL is flat with respect to the num-
ber of approximating points.
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CAL with
merge & posterior
least squares

CAL with merge

CAL with Gaussian
smoothing, merge,
& posterior least
squares

§plit and merge

Figure 3: A specific closed input curve (from Teh and

Chen [Teh 89]) with curve approximation using CAL
and split and merge.

3.3.6  Performance of CAL under metric #5:
execution speed and speed variability with
respect to the size of the input curve

All the efficient algorithms execute in linear time,
O(n), whereas the split and merge approach is O(nz), for
n sampled data points in the input curve. However, it is
with large curves that the main weakness in the CAL
algorithm, namely sensitivity to quantization error, is
evident. Figure 7 gives an example of CAL with and
without merging on a large curve (approximately 2000
data points). Figure 6 shows that the time of execution
of CAL is greatly increased when posterior merging is
added.

4 future work

It is conceivable that the use of scale invariant forms
of the CAL algorithm would be useful for some applica-
tions. For example, we could use a normalized function
of chord and ac length, something like
(1/2),/(S°/C? -1, where C is chord length and Sis
arc length. Thiswould allow us to define a system that
doesn’t require any input parameter.

cient algorithms effectively do an efficient type of merg-
ing, it would be worthwhile to investigate the

combination of CAL and one of the other efficient
approaches. It might also be fruitful to investigate an
efficient but global feature preserving combination of
the CAL approach and the split and merge method.

Even though optimal methods are known to be ineffi-
cient, it would also be helpful to use an optimal
approach as a benchmark for testing the performance of
CAL.

6 na Split and merge
.5 :
S i
b Y Chord and arc length
2! Without LS fit
23
I .
= Teh and Chin
3 2
= A /

e
1} Chord %ﬁd
arc length &
0 with LS fit e N

5 10 15 20 _ 25 30 35
number of approximating points

Figure 4: The maximum deviation error for the input
curve of Figure 3.

=4

& .

> Split and merge
=3

[¢5)

£

s, Chord and arc length
S ’\.wc“‘»\/

.2

e

31

(«B)

x

[¢5)

0O 5 10 15 20 25 30 35
number of approximating points

Figure 5: Timing performance as a function of the
number of approximating points.

Because the main weakness of CAL is the sensitivity
to quantization error, and because the competing effi-
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deviation threshold input = 4

# approx pts: 8 # approx pts: 14 # approx pts: 8 # approx pts: 24
Exec time: 18.3 Exec time: 2.2 Exec time: 2. . Exaicat:lt S‘; i.r?gr' 28
max actual error: 3.60 max actual error: 3.54, max actual error: 9.1 45 T
45
40 40 40 40
35 35 35 35
30 30 30 30
25 25 25 25
20 20 20 20
15 15 15 15
10 10 10 10
5 5 5 5
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
Chord and arc length Chord and arc length Williams Robergé
(with posterior merging) (no posterior merging)
deviation threshold input = 2
. . : # approx pts: 43
# approx pts: 17 # approx pts: 19 # approx pts: 15 oX I
Exec tine: 16.2 Exec tine: 2.25 Exec tine: 2.38 Exec time: 1.9
max actual error: 1.34 max actual error: 1.3 max actual error: 10.0 max actual error: 1.3
45 . . 45 ‘ 45 45
40 40 40 40
35 35 35 35
30 30 30 30
25 25 25 25
20 20 20 20
15 15 15 15
10 10 10 10
5 5 5 5
5 10 15 20 25 30 5 10 15 20 25 30 5 10 %5 i 20 25 30 5 10 15 20 25 30
Chord and arc length Chord and arc length Williams Robergé
(with posterior merging) (no posterior merging)
deviation threshold input = 1
# approx pts: 22 # approx pts: 31 # approx pts: 19 # appr ox pts: 58
Exec time: 18.3 Exec time: 2.28 Exec time: 2.58 Exec time: 2.15
. max actual error: 0.99 , nmx actual error: 0.89 , MBX actual error: 12.0 i max actual error: 0
40 40 40 40
35 35 35 35
30 30 30 30
25 25 25 25
20 20 20 20
15 15 15 15
10 10 10 10
5 5 5 5
5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
Chord and arc length Chord and arc length Williams Robergeé

(with posterior merging)

(no posterior merging)

Figure 6: A specific closed input curve (from Teh and Chin [Teh 89]) with curve approximation using the same input
deviation threshold with three efficient algorithms.
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300 - 300 - 300 -

200; 200; 200;
100; 100; lOOj
100 200 300 400 100 200 300 400 100 200 300 400
CAL only CAL with merge CAL with merge and least squares

Figure 7: Curve approximation with CAL on an input curve (1708 points). Input deviation threshold = 12.

. Split and merge haps a useful marriage between CAL and one of the
,\/ Chord and arc length other efficient methods would be profitable.
without LS fit CAL plus posterior merging can be thought of as an
A,

efficient modification of the split and merge method in
which the error is calculated indirectly instead of

p directly. CAL operating times are linearly proportional

(. to the number of data points processed. Because split
Chord and ‘u\ and merge operating time§ are proportio_nal to the square
V%rlgr!e[\ ﬁ‘?t of the number of data points, curves with many points

maximum error
o = N w SN [6)] (o)) ~

can take forbiddingly long times to compute depending
on how precise the approximation is, which implies that
the compute time of the split and merge method varies
Figure 8: The maximum deviation error for the input  With the size of the input deviation threshold (as shown
curve of Figure 6. in Figure 5). Alternatively, performance times of CAL

are constant with respect to the deviation threshold.

Another advantage of CAL is that it seems to be insensi-

tive to the choice of the initial breakpoint, unlike split
5 conclusion and merge [S093]. The split and merge method
chooses the same set of approximating points in each
iteration, just adding more for increased accuracy. The
approximating points chosen by CAL varies more
widely. This is because the split and merge method

It's excellent error performance (as measured by th@ccesses the data globally, CAL (and other efficient

maximum actual deviation error versus the number of/90rithms) access locally.

approximating points), guaranteed error performance ‘C' code is available which realizes the CAL algo-
(proof in appendix), efficiency, and ability to handle rithm and can be accessed through anonymodsaitp
non-integer valued space curves as well as integer vakdftp.cme.nist.gov. The necessary files are in the direc-

ued planar curves are the key strengths of the approagbry /pub/horst. The key files are main.c, curvefit.c, cur-
presented. Because of its ability to handle space curvegefit.h, v2d_math.c, and file_in. The input deviation

we hope that this algorithm will not have applicationparameter is user-specified within the file, curvefit.h.
only to computer vision, but to other applications suchrhe input curve data must be in the same format as the
as the representation of machine tool cutting paths.  data in the file called file_in.

The sensitivity to quantization error and the need, in
such cases, for preliminary Gaussian smoothing and/c -

posterior merging, which adds significantly to the com-1 - gor ysername type ‘anonymous’ and for the password enter
putation, is the major weakness of this approach. Per- your email address.

5 10 15 20 25 30 35
number of approximating points

We have presented an efficient suboptimal method
for piecewise linear curve approximation for space
curves with integer or non-integer values.

Page 10



6 appendix

We now prove (EQ 6), but first we state some defini-
tions. Definitions:. Let a(i), i = 1,2 ...,n, be
sequence of distinct points in the plane. Let S
s(ij,i;4 1), the arc length function (EQ 3), C
c(ij ij+1), the chord length function (EQ 2), Epay
€max(1js 1j+1) » the maximum distance from points a(i) ,
P=d,ij+ L .0, —1i,,, to the line segment
formed by the points a(i;) and a(ij, 1), a(ina), the
point on the curve where the deviation from the chord
line segment is at a maximum (illustrated in Figure 9
and Figure 10), &, the distance from o (i,,) tothe
line formed by the points a(i;) and a(i;,,), and D =

(1/2) J[F-C2.

Lemma: &« OD.

TR TR

Proof:
a(ij), a(ima) » anda(ij,,) with base of length and
sides of lengthsA andB. These definitions are illus-

trated for two different triangles in Figure 9 and Figure

10. Letb be the angle opposite the side of lergtand
let a be the angle opposite the side of length Note
that §,.x =Emax Only whena andb are less than or
equal torv2. In Figure 9 and Figure 1@,,,,

angle.

Construct a triangle formed by the points

is the
height of the triangle. Construct an isosceles triangle, as
in Figure 11 and Figure 12, with base length and perim-
eter equal to those of the triangle in Figure 9 and Figure
10, respectively. Lét be the height of the isosceles tri-
LetR = A + B. Since the shortest distance

—_——
~
-~

4

| ‘ . ;
D . Py v T
) N © et
\ \\__// C1('j+1)

Figure 10: Triangle formed by the two endpoints of the
arc and the point of maximum deviation in the case
whereb > 172,

between two points is the line segment connecting themFigure 11: The isosceles triangle equivalent to the

R 3 S From elementary geometry,

—B4
Emax = h [1-AZED (EQ 10)
which implies that¢,,, ch SincRd Sandh =

(1/2),/R*—C?, h 8D. Since §,,,, oh ®d, &, O
D.

Val

7/
-
7

- a(ij+)
Figure 9: Triangle formed by the two endpoints of the

arc and the point of maximum deviation in the case
wherea andb are less than/2.

triangle of Figure 9.

Figure 12: The isosceles triangle equivalent to the
triangle of Figure 10.
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The lemma shows that the distance from a (i) 10 7 references
the chord line is always less than D = (1/2) /> —C?.
However, if a ST02, E; =B, and ifb S102, Ep = A [Aoyama 91] Aoyama, Hiroshi and Kawagoe, Masahiro,

S i . “A piecewise linear approximation method preserv-
In both these casenzy S &ma (see Figure 10). There ing visual feature points of original figures,” CVGIP:

fore, the lemma alone is not sufficient to support the Graphical Models and Image Processing, Vol. 53, No.
claim of (EQ 6). In other words, we need to prove that 5, (1991): 435-446.

the distance fromu(i,,,) to the chord lieegment is  [Chen 79] Chen, P. C., and Pavlidis, T., “Segmentation
always less thad which is stated in the following theo- DY texture using a co-occurrence matrix and a split-

and-merge algorithm,Computer Graphics, Image
rem. Processing, 10 (‘21979): 172-182.
Theorem: Epzy 8 D. [Duda 73] Duda, R. O. and Hart, P. Battern Recogni-

tion and Scene Analysis, New York: John Wiley,
Proof: There are only three cases to consider. We 1973.

will now show that the theorem is established for eachPunham 89] Dunham, James George, “Optimum uni-
form piecewise linear approximation of planar
e Machne | ntalTigonge, Vol PAMI3, 1080 pb. 6715
] achine Intelligence, Vol. -G, » Pp. 67-75.
Case L:a deZ andp <12 [Fischler 86] Fischler, M. A. and Bolles, R. C., “Percep-
Case 2:b Sm2 tual organization and curve partitioning,” 1EE
Case 3:a ST2 Transactions on Pattern Analysis and Machine Intel-
: ligence, January 1986.

Proof of Case 1: As in Figure 9, ifa <12 andb <17 [Gr(i:mSO[IItQO]TC?]rinI_\";SIOH,fVé. Er.neFthj%ct Rstecqglgiti%n by

: _ L omputer: The Role of Geometric Constraints, Cam-
2, SINCEEmay = Emax » the lemma implies g, 3 D. bridge, Massachusetts: The MIT Press, 1990.

Proof of Case 2: If b S1v2, as illustrated in Figure [Jain 89] Jain, A. K.Fundamentals of Digital Image
10,Eq, =A. Construct an isosceles triangle (as in Fig- Psr)%%ng, Englewood Cliffs, N.J.: Prentice Hall,

ure 12). Leth be the height of this isosceles triangle. [Jain 96|] Jain, A. K., “Object matching using deformable
From the proof of the lemmah 6 D. By the templates,” |IEEETransactions on Pattern Analysis
Pythagorean relation, and Machine Intelligence, March 1996.
) 5 5 [Nevatia 80] Nevatia, R. and Babu, K. R., “Linear Fea-
2h" = A"+B"+2AB-C", (EQ 11) ture Extraction and DescriptionComputer Graphics

and Image Processing 13, pp. 257-269.

[Pavlidis 77] Pavlidis, Theodosios, “Polygonal approxi-
2 2 2 mations by Newton’s method,EEE Transactionson
0=A"-B"-2ACcosb +C". (EQ 12) Computers C-26, No. 8, August 1977.

If we add (EQ 11) and (EQ 12) we get [Ramer 72] Ramer, Urs, “An iterative procedure for the
' %oly%qnal adplprOX|rrl1Dat|on of pllanl% %rveggan uztng
on? = 2A2 + (2AB — 2A _ EO 1 raphicsand ImageProcessing 1, , Pp. -256.
( CCOSb)‘ EQ13 [Roberge 85{ Robergé, James, “A data reduction algo-
The term in parentheses in (EQ 13) S 0, sicosh 8 0. rithm for planar curves Computer Vision, Graphics,
Therefore A 3 h and sincé 8D, A = E;y 8D. and Image Processing 29, 1985, pp. 168-195.
[Sato 93] Sato, Yukio, “Piecewise linear approximation
Proof of Case 3: The exact same process presented in 0f plane curves b\é perimeter optimizatiomattern
the proof for Case 2 is required to show that §1v/2, A Recognition, Vol. 25, No. 12, 1992, pp. 1535-1543.
-E 8D [Sklansky 80] Sklansky, J. and Gonzalez, V., “Fast po-
~ Emax P lygonal approximation of digitized curvesPattern
ecoghition, Vol. 12, 1980, pp. 327-331.

[So 93] So, W. C. and Lee, C. K., “Invariant line seg-
mentation for object rec_:o,g\lnltlon,Proceedmgs of
IECON '93 Maui, Hawaii, Nov. 15-19, 1993, pp.
1352-1356.

[Teh 89] Teh, Cho-Huak and Chin, Roland T., “On the
detection of dominant points on digital curvd&EE
Transactions on Pattern Analysis and Machine Intel-
ligence, Vol. 1l No. 8, 1989, pp. 859-872.

[Williams 77] Williams, Charles M., “An efficient algo-
rithm for the piecewise linear approximation of planar
curves,”Computer Graphicsand I mage Processing 8,
1978, pp. 286-293.

and by the law of cosines (from Figure 10),
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